The graph G is called a In this paper we prove that if G is an n-vertex (3, 3)-Ramsey graph without 4-cliques, then α(G) ≤ n − 16, where α(G) denotes the independence number of G. Using the newly obtained bound on α(G) and complex computer calculations we obtain the new lower bound F e (3, 3; 4) ≥ 21.
Introduction
Only simple graphs are considered. The symbol G H e (3, 3; q; n) = {G : G ∈ H e (3, 3; q) and | V(G)| = n}.
The edge Folkman numbers F e (3, 3; q) are defined with the equality F e (3, 3; q) = min{| V(G)| : G ∈ H e (3, 3; q)}, i.e. F e (3, 3; q) is the smallest positive integer n for which H e (3, 3; q; n) = ∅.
Folkman [8] proved in 1970 that H e (3, 3; q) = ∅ ⇔ q ≥ 4.
Therefore, F e (3, 3; q) exists if and only if q ≥ 4.
From K 6 e → (3, 3) it follows that F e (3, 3; q) = 6 if q ≥ 7. It is also known that 15, if q = 5, [20] and [23] . The exact value of the number F e (3, 3; 4) is not yet computed. For now it is known that 20 ≤ F e (3, 3; 4) ≤ 786, [4] [14] .
In Table 1 are given the main stages in bounding F e (3, 3; 4) More information about the numbers F e (3, 3; q) can be found in [11] , [13] , [14] and [26] . The numbers F e (3, 3; q) are a special type of Folkman numbers. In the general case the Folkman numbers are denoted by F e (a 1 , ..., a s ; q) and are defined in [17] . As seen on Table 1 , the number F e (3, 3; 4) is very hard to bound and it is the most searched Folkman number. The reason for this is that we know very little about the graphs in H e (3, 3; 4) . We will note the following facts:
(1.1) min{χ(G) : G ∈ H e (3, 3; 4)} ≥ 6, [15] .
The graph G is vertex-critical (edge-critical) in H e (3, 3; 4) if G ∈ H e (3, 3; 4) and G − v ∈ H e (3, 3; 4), ∀v ∈ V(G) (G − e ∈ H e (3, 3; 4), ∀e ∈ E(G)).
( It is not known if the inequalities (1.1) and (1.2) are exact.
In this work we give an upper bound on the independence number of the graphs in H e (3, 3; 4) by proving the following
With the help of computer calculations and Theorem 1 we improve the main result 
Auxiliary notations and propositions
With G 1 + G 2 we denote the graph obtained by connecting with an edge every vertex of G 1 to every vertex of G 2 .
Define:
Obviously, L(n; 0) = H e (3, 3; 4; n).
be an independent set of vertices of G and
We denote by L max (n; p; s) the set of all maximal K 4 -free graphs in L(n; p; s), i.e. the graphs G ∈ L(n; p; s) for which ω(G + e) = 4 for every e ∈ E(G). The graph G is called a (+K 3 )-graph if G + e contains a new 3-clique for every e ∈ E(G).
The set of all (+K 3 )-graphs in L(n; p; s) is denoted by L +K 3 (n; p; s).
For convenience, we will also use the following notations:
Further, the bound F e (3, 3; 4) ≥ 21 will be proved with the help of Algorithm 4.1 and Algorithm 4.3, which are based on the following
If G ∈ L(n; p; s) and
every Sperner graph G ∈ L(n; p; s) is obtained by adding one vertex to some graph H ∈ L(n −
In the special case, when G is a Sperner graph and G ∈ L max (n; p; s),
3 Proof of Theorem 1 Definition 3.1. For every graph H denote by M(H) the set of all maximal K 3 -free subsets of
We denote by B(H) the graph which is obtained by adding to H new independent vertices u 1 , ..., u k and new edges incident to u 1 , ..., u k such that
Lemma 3.2. Let G be a graph, A be an independent set of vertices of G, and
.., M k } be the same as in Definition 3.1 and A = {v 1 , ..., v s }. Let
.., k}. Let j i be the smallest index for which
We define a supergraph G of G in the following way: for each v i ∈ A we add to 3) . 1) it follows easily that G ′ e → (3, 3) .
..s, i = j} there is also a duplication, then in the same way we remove from G ′ one of the duplicating vertices among v 1 , ..., v i−1 , v i+1 , ..., v s and we obtain a graph G ′′ such that G ′′ e → (3, 3) .
In the end, a graph G is reached such that We used the zchaff SAT solver [28] to prove that these graphs are not (3, 3)-Ramsey graphs.
The problem of determining if a graph G is a (3, 3)-Ramsey graph can be transformed into a problem of satisfiability of a boolean formula φ G in conjunctive normal form with | E(G)| variables. Let e 1 , ..., e | E(G)| be the edges of G and x 1 , ..., x | E(G)| be the corresponding boolean variables in φ G . For every triangle in G formed by the edges e i e j e k , we add two clauses to φ G
It is easy to see that G (3, 3) . This conjecture was studied in [25] and [13] . It is still unknown whether G 127 e → (3, 3).
Proof of Theorem 2
In [4] we present the following algorithm which is bases on Proposition 2.2:
Finding all non-Sperner graphs in L max (n; p; s) for fixed n, p and s.
1. The input of the algorithm is the set A = L +K 3 (n − s; p + 1; ≤ s). The output will be the set B of all non-Sperner graphs in L max (n; p; s). Initially, set B = ∅.
For each graph H ∈ A:
2.1. Find the family M(H) = {M 1 , ..., M t } of all maximal K 3 -free subsets of V(H).
Find all s-element subsets
, which fulfill the conditions:
For each of the found in 2.2 s-element subsets
If G is not a Sperner graph and ω(G + e) = 4, ∀e ∈ E(G), then add G to B.
3.
Remove the isomorph copies of graphs from B.
4.
Remove from B all graphs with chromatic number less than 6 − p.
5.
Remove from B all graphs G for which 1. In step 1 we remove from the set A the graphs with minimum degree less than 8 -s.
2. In step 2.2 we add the following conditions for the subset N:
Proof of Theorem 2. Suppose that G is a 20-vertex maximal (3, 3)-Ramsey graph with ω(G) = 3. From Theorem 1 it follows that α(G) ≤ 4. Now, from R(4, 4) = 18 it follows that α(G) = 4. Therefore, it is enough to prove that L max (20; 0; 4) = ∅.
We will obtain all non-Sperner graphs in L max (20; 0; 4) with the help of Algorithm 4.1.
We will successively obtain all graphs in the sets L +K 3 (8; 3; ≤ 4), L +K 3 (12; 2; ≤ 4), and
Obtaining all graphs in L +K 3 (8; 3; ≤ 4):
We use the geng tool included in the nauty programs [19] to generate All non-isomorphic graphs of order 8 are generated using the geng tool included in the nauty programs [19] . Among them we find all 1178 graphs in L +K 3 (8; 3; ≤ 4).
Obtaining all graphs in L +K 3 (12; 2; ≤ 4):
From R(3, 4) = 9 it follows that L(12; 2; ≤ 2) = ∅. All 1449166 12-vertex graphs G with ω(G) < 4 and α(G) < 4 are known and available on [18] . Among them there are 321 graphs in L max (12; 2; 3). We use geng to generate all non-isomorphic graphs of order 11.
Among them we find all 372 graphs in L max ( Some properties of the graphs in L +K 3 (16; 1; 4) are given on Table 2 , and some properties of the 20-vertex 6-chromatic graphs obtained after the completion of step 4 of Algorithm 4.3
(n = 20, p = 0, s = 4) are given in Table 3 .
Concluding remarks
In this section we consider the possibilities for improving the inequality F e (3, 3; 4) ≥ 21. We suppose the following conjecture is true:
Conjecture 5.1. min{α(G) : G ∈ H e (3, 3; 4)} ≥ 5.
If G ∈ H e (3, 3; 4; n), n ≥ 25, according to the equality R(4, 5) = 25 we have α(G) ≥ 5. All 24-vertex graphs with independence number 4 and clique number 3 are obtained in [1] . With the help of a computer we check that none of these graphs belongs to H e (3, 3; 4) . This way, we proved that if G ∈ H e (3, 3; 4; n), n ≥ 24, then α(G) ≥ 5. To prove the conjecture it remains to consider the cases n = 21, 22, and 23.
By similar reasoning as in the proof of Theorem 1, but with more calculations, it could be proved that α(G) ≤ n − 17.
From this inequality and Conjecture 5.1 it follows that F e (3, 3; 4) ≥ 22.
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